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where

where u is the normal in transformed coordinates, {, 17, f. This
is a nonlinear problem, but the heating rate Q does not ex-
plicitly appear. The solution will be in the form r=/(£, 17, f,
T). Thus the temperature attained at the surface,.with given
material properties k ( T ) and c(T), will be the same for any
heating rates Q whenever r = Q2t is the same, r

Drummond et al.' correlated their numerical results on the
basis of the one-dimensional heat conduction equation of a
semi-infinite solid with constant thermophysical properties

(5)

where T0 was the initial temperature. For a given temperature
rise T> r — Q2t is constant according to the analysis given
above,, so that [t (T) ] '** = [r (T) ]'** /Q

Thus

' „ 2[T\t)}»

or
2 [ r ( T ) } » (6)

The Effect of temperature-dependent thermal conductivity
k(T) in the steady-state case may be dealt with through the
Kirchoff transformation2*3

(7)

(8)

(9)

For the transient case, this transformation leads to

d2e dO
k(T)

with the boundary condition

3n

6 is a single-valued function of T depending only on the
material properties through Eq. (1). Although this form is
sortietimes useful for numerical computations, it is of special
interest analytically only for the steady-state case, in which it
leads to Laplace's equation aiuHn the transient case when
pc(T)/k(T)= constant [i.e., c(f) ex £(7)], in which case it
leads to the usual linear equation blT transient heat conduction
with & in place of T. Note that the preceding transformation,
which normalizes the equation arid boundary condition with
respect to Q, may also be applied in this case.

A completely analogous analysis to that which led to Eqs.
(3-6) can be carried through for the case of heat transfer from
a fluid at the surface with the boundary condition

ar
(10)

where h is the heat-trarisfer coefficient and Taw is the
adiabatic wall temperature. In this case, Eq. (10) is divided
through by h and the partial differential equation (1) is
divided through by h2 . Analogously, the new time variable is
r = H2t. Drummond et al. used the one-dimensional constant-
property solution for this case, namely

(11)

ht»
7 =

Again, according to the foregoing theory, a given value of
Ts is attained when r = /i2Ms constant regardless of the value
of h. Therefore, in this case also, Eq. (1.1) leads to a value of
(kpc)^ which is a function of temperature only and not of
heat transfer rate h.

If k, p, and c are functions of the coordinates x, y, and z as
in the second set of tests reported in Ref . 1 , the situation is not
so simple. However, the transformations described above can
still be useful. The thermophysical constants must also be
transformed such that (e.g., in the case of constant heating
rateQ

k(x,y,z,T)=k(S/Q,ri/Q,{/Q, T) (12)

(13)

Thus, the results for different values of Q give the same
temperature rises at equal values of Q2t = r only when the
thermophysical properties are varied with Q in accordance
with the transformation of the spatial coordinates. Although
this situation is more complicated than when properties do
not vary spatially, the results may be used to reduce the
number of parameters involved in calculating numerically or
testing systematically over ranges of heat-transfer rates and
thermophysical property variations, if standard test model
configurations are to be used.
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Reply by Authors to A. H. Flax
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TPHE authors wish to thank Dr. Flax for calling attention
-ItO; a generalization of their work.' His discussion

regarding the. independence of the effective thermophysical
property on the surface heat-transfer rate should reduce the
effort needed when analyzing homogeneous wind-tunnel
model materials. Several points should be noted, however.

First, we never intended that our analysis be limited to only
thin-wing sections of models. In fact, the method is normally
applied to "thick" model regions, and, as discussed in Ref. 2,
more care must be taken when examining "thin" sections by
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Table 1 Dimensionless variables
Reference time t0 Reference thickness L0

Temperature

Thickness

Time

Tk0/QL0

xf/L0 (1=1,2,3).

"Qa0t/L2
0

limiting analysis time so as to not violate the semi-infinite slab
assumption. Second, since thermal diffusivity is typically not
constant for model materials, and Flax's transformed
equations retain a nonlinear character for both homogeneous
and inhomogeneous materials, a numerical analysis is still
necessary to generate temperature-time histories for a
calculation of the effective thermophysical property,
(3=(kpc)eff. Flax's conclusion correctly indicates that only
one program run at a single imposed heat flux is necessary to
determine /3 at all heat fluxes for homogeneous materials.
However, for inhomogeneous materials such as filled stycast
plastic, it is doubtful that the thermophysical property
variations could in general satisfy the requirement imposed by
the spatial transformations.

Finally, some users may feel more comfortable with Flax's
procedure if the variable transformations had been dimen-

sionless. Because of the semi-infinite nature of the
mathematical system, a somewhat artificial, although ex-
perimentally consistent, variable change could be made. Since
those systems are either time limited (a maximum time
duration over which the imposed heat flux is constant) or
dimensionally limited (a minimum system thickness con-
strains the semi-infinite assumption), either a characteristic
time t0 or a characteristic thickness L0 can be used. Then,
employing the initial thermophysical properties of the front
surface (thermal conductivity k0j density p0> specific heat c0,
and thermal diffusivity a0) together with the temperature Ty
heat flux Qt and local thickness xi9 the dimensionally con-
sistent transformations given in Table 1 can be used. No loss
of generality occurs with those transformation sets and Flax's
analysis still applies. The heat-transfer-coefficient analysis
can be modified in a similar manner.
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